We derive electromagnetic finiteelements based on a variationalprinciplethat uses the electromagnetic four-potentialas primary variable.This choice isused to construct elements suitablefor downstrea_n coupling with mechanical and thermal finite elements forthe analysisof electromago netic/mechanical systems that involvesuperconductors. The key advantages of the four-potential are: the number of degrees of freedom per node remain modest as the problem dimensionality increases,jump discontinuities on interfacesare naturally _ccomodated, and static as well as dynamics axe included without any a prI'ori approximations. The new elements are tested on an axisymmetrlc problem under steady-stateforcing conditions. The resultsare in excellent agreement with analyticalsolutions.
INTRODUCTION

1.I Finite Element Treatment
The first three fields ( (2) Staged Treatment. The mechanical, thermal and electromagnetic components of the problem are treated separately. Finite element meshes for these components may be developed separately. Coupling effectsare viewed as information that has to be transferred between these three meshes.
The present research follows the staged treatment. 
t Other names are oftem used, see (s)
&.4 The Electromagnetic Potentials
The electricscalar potential (_ and the magnetic vector potential A axe introduced by the definitions
This definition satisfies the two homogeneous Maxwell equations in (7). The definition of A leaves its divergence V. A arbitrary. We shall use the Lorentz gauge [13] V.A+#E_=0.
With this choice the two non-homogeneous Maxwell equations in terms of (D and A separate into the wave equations V2¢, -#_ = -p/e, V2A -_X = -#j. In the sequel Roman subscripts will consistently go from 1 to 4 and tlxe summation convention over repeated indices will be used unless otherwise stated.
The Field Stren_h Tensor
The unification can be expressed most conveniently in terms of the field-strength terror F, which is a four-dimemion_l antisyrnrnetri¢ tensor constructed from the components of E and B as follows:
Here _ isan adjustment fm:tor to be determined later. Similarly, introduce the/our-current vector J as
Then, for arbitrary 8, the non-homogeneous Maxwell equations, namely V x B -/_E]_ = #j and V • E = p/_, may be presented in the compact "continuity" forint aF k
The other two Maxwell equations, V. B = 0 and V x E + ]3 = 0, can be presented a.s
OF k OFm OFkm
where the index triplet (i,j,k) takes on the values (1,2,3), (4,2,3), (4,3,1) and (4,1,2).
* A form compatible with specialrelativity.
t The covaxiant form of these two equations. 7
J.2
The Four-Potential 
or in more detail and using commas to abbreviate partial derivatives:
With these definitions,the basic Lagrangian of electromagnetism can be stated as_
Comparing the firstterm with the magnetic and electricenergy densities [2, 19, 20] 
we must have/32c 2 = B'_/(.e) = 1//_, from which (20) (21)
t Lanczos [12]presents thisLagramgian for freespaxe, but the expression (24) for an arbitrary material was found in none of the textbooks on electromagnetism listedin the References. 8
The associated variational form is
where V is the integration volume considered in the analysis. In theory V extends over the whole space, but in the numerical simulation the integration is truncated at a distant boundary or special devices are used to treat the decay behavior at infinity.
The Four-Field Eqttations
On setting the variation of the functional (24) to zero we recover the field equations (15-16). Taking the divergence of both sides of (15) and observing that F is an antisymmetric tensor so that its divergence vanishes we get
The vanishing term in parenthesis is the equation of continuity, which expresses the law of conservation of charge." The Lorentz gauge condition (10) may be stated as V • _b = 0.
Finally, the potential wave equations (11) may be expressed in compact form as
where [] denotes the "four-wave-operator', also called the D'Alembertian: fv js
where Irlisthe distance between the elemental charge J3 dV and the point in space at which we wish to find the fieldpotential. The integralextends over the volume containing charges.
This expression serves equally well in cylindrical coordinates. In fact, the transformation of z components will be one to one if the center of the systems coincide.
As noted above the only non-vanishing component of the current vector isJ3 dS where dS is the elemental cross sectional area of the conductor and J3 is the current density in the z
direction.
If dL represents the differential length of the wire, then fs js dV = fs Js dS d_ = 
With this normalizatima As = 0 at r = Rr. Taking the curl of A gives the B field in cylindrical coordinates:
It is seen that the only non-vanishing component of the magnetic flux density is (34)
Or
2_rr"
This expression is called the law of Biot-Savart in the EM literature.
Magnetic Field Wi_'n the Conductor
Again restricting our consideration to the static case, we have from Maxwell's equations in their integral flux form 
Evaluating the left hand side of the integral and solving for B2 gives: 
The value of C is determined by matching (33) at • = R, since the potential must be continuous.
The result can be written
he preceding expressions (33)- (40) for As could also be derived in a somewhat more direct fashion by integrating the ordinary differential equation V2As = r-l(8(r0As/(gr)ar) = #is to which the second of (11) reduces.
FINITE ELEMENT DISCRETIZATION
The Lagrangian in C_lindrical Coordinates
To construct finite element approximations we need to express the Lagrangia.n (24) 
For E 2 we need the cylindrical-coordinate gradient formulas 
Here row vectors N 0 and N_t contain the finite element shape functions for _e and A_, respectively, which are only functions of the radial coordinate r:
and column vectors 0 e and A_ contain the nodal values of @ and As, respectively, which axe only functions of time t: 
y_(N_)T _v'.
From the second bracket we obtain for the electric potential a simpler relation which does not involve time derivatives, i.e, is static in nature:
where
Assembling these equations in the usual way we obtain the semidiscrete master finite element equations:
K®_ = f_.
The Static Case
In time-independent problems, the term _1.3 disappears from (56) and the master finite element equations of electromagnetostatics become 
6.._ An Altcrnatine
Scmidiacretizalion
If upon setting the brackets of the variation (50) to zero we multiply them through by and 1/_, respectively, the expressions for the mass, stiffness and force matrices become
(ss) is at the conductor center r = 0 and node n = -N'ec + 1 is placed at the conductor boundary For the present study the magnetic potential was linearlyinterpolated in r, using the linear shape functions
where _ is the dimensionless isoparametric coordinate that varies from -I at node i to +1 at node j. This interpolation provides for C o continuity of the potential inside the conductor and in free space.
For the calculation of the element stiffnessesand force vectors, it was assumed that the permeability # and the current density J3 were uniform over the element. Then analytical integration over the element geometry gives
+ where rm --½ (r_ + r_) is the mean radius and l = r_ -r_ the radial length. For the test problem, # is constant inside the conductor whereas outside it # -#o was assumed to be unity. The longitudinal current density is d3 = I/(7rR2) inside the conductor whereas outside it js vanishes.
The master stiffnessmatrix and force vector were assembled following standard finiteelement techniques. The only essential boundary condition was the setting of the nodal potential on the truncation boundary to zero, as explained in Section 6.5. The modified master equations were processed by a conventional symmetric skyline solver, which provided the value of the magnetic potential at the mesh nodes. The magnetic flux density 62, which is constant over each element, was recovered in element by element fashion through the simple finitedifference scheme
OA3 (61) a--;--l
This value is assigned to the center of element e.
Numerical Results
The numerical results shown in Figures  1 
computations.)
Figures 1 and 2 show computed and analytical magnetic potentials. The slope discontinuity at r -1 in Figure 1 is a consequence of the change in permeability from the wire material to free space. Figures 3 and 4 show the computed and analytical magnetic flux densities. As discussed in Section 5.2, the jump at r -1 in Figure 3 is due to the change in permeability _ from the material to free space. Figures 5 and 6 show the computed and analytical magnetic flux densities in free space with more detail. Note that In summary, the finite element model performed very accurately in the test problem and converged, as expected, to the analytical solution as the size of the elements decreased.
CONCLUSIONS
The results obtained in the one-dimensional steady-state case are encouraging, and appear to be extensible to two-and three-dimensional problems without major difficulties. The electricfield remains effectivelydecoupled from the magnetic fieldexcept through Ohm's law. Care must be taken, however, in modeling the forcing function terms so as to avoid the appearance of discontinuity-induced forces at physical interfaces.
The next step in achieving the goal of a finiteelement model for a superconductor fieldis to study the time-dependent case, starting with harmonic currents and proceeding eventually to general transients. The code for this is currently written, but a suitable analytical solution for comparison with computed responses is still being developed.
If encouraging results are obtained in the dynamic case, thermocoupling effects will be added to the code. References [3,17,22]discuss several different approaches applicable to various contexts (e.g. eddy currents) and these will have to be investigated for suitability for capturing the couplings effectsthat are relevant to the superconducting problem.
After modeling the coupling effects,the next step will be to model the superconducting fields.The feasibilityof using the current model for superconductor applications ks great, as the current density of a superconductor can be approximated by the standard current density multiplied by a constant squared. 
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